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Abstract
The 2-extended affine Weyl groups are Weyl groups associated to the 2-extended affine root sys-
tems introduced by K. Saito [K. Saito, Extended affine root systems I, Publ. Res. Inst. Math. Sci. 21
(1985) 75–179]. We calculate the growth series of the 2-extended affine Weyl group of type A(1,1)2
with a generator system of a 2-toroidal sense.
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1. Introduction
Extended affine root systems were introduced and studied by K. Saito [1], especially
2-extended affine root systems are also called elliptic root systems from the point of view
of the elliptic singularities, and the defining relations of the generators of the elliptic Weyl
groups associated to the elliptic root systems were determined by K. Saito and the au-
thor [2]. The growth series W(t) of the Weyl group W with respect to a generator system
S is defined by W(t) =∑w∈W tl(w), where l(w) is the minimal length of w with respect
to S, and t is an indeterminate. Here, we note that “growth series” is also called “Poincaré
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Weyl group W of type A(1,1)1 , the growth series (Poincaré series) was calculated by Waki-
moto [3], and in the case of type A(1,1)2 , by the author [5]. In this paper, we calculate the
growth series of the Weyl group associated to the 2-extended affine root system of type
A
(1,1)
2 with a generator system of a 2-toroidal sense. As the Weyl groups, the elliptic Weyl
group of type A(1,1)2 in [5] and the 2-extended affine Weyl group of type A
(1,1)
2 in this pa-
per, are isomorphic, but their generator systems are different and the latter is obtained by
removing two generators from the former.
2. The 2-extended affine Weyl group of type A(1,1)2
The 2-extended affine root system of type A(1,1)2 is defined by the set [1]; Φ = {±(i −
j ) + mb + na (1  i < j  3), (m,n ∈ Z)}. We choose a basis of Φ as follows; α0 =
3 − 1 + b, α1 = 1 − 2, α2 = 2 − 3, α3 = 3 − 1 + a. Let wi := wαi be the reflection
with respect to the root αi (0 i  3). Let W be the finite Weyl group of type A2, then the
2-extended affine Weyl group of type A(1,1)2 is realized by W˜ = W  (Q∨ × Q∨), where
Q∨ = Zα∨1 ⊕ Zα∨2 (in this case α∨i := 2αi/〈αi,αi〉 = αi).
Proposition 2.1. [4] The 2-extended affine Weyl group W˜ of type A(1,1)2 is presented asfollows:
generators: wi (0 i  3),
relations: w2i = 1 (0  i  3), w0w1w0 = w1w0w1, w0w2w0 = w2w0w2, w1w2w1 =
w2w1w2, w3w1w3 = w1w3w1, w3w2w3 = w2w3w2 and w0w1w0w2w3 =
w3w1w0w2w0.
We set T1 = w0w2w0w1, T2 = w0w1w0w2, R1 = w3w2w3w1 and R2 = w3w1w3w2,
then we have w0 = w1w2w1T −11 T −12 , w3 = w1w2w1R−11 R−12 , and their relations are given
by
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
T10 = 0T −12 ,
T11 = 1T −11 ,
T12 = 2T1T2,
T13 = 3T −12 ,
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
T20 = 0T −11 ,
T21 = 1T1T2,
T22 = 2T −12 ,
T23 = 3T −11 ,
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
T1T20 = 0T −11 T −12 ,
T1T21 = 1T2,
T1T22 = 2T1,
T1T23 = 3T −11 T −12 ,
where for brevity we set 0 = w0, 1 = w1, 2 = w2, 3 = w3, and R1,R2 satisfy the same
relations as above (i.e. the relations replaced Ti with Ri ). Further, we set 0∗ = R1R20,
then noting that 3 = R1R2T −11 T −12 0, we have the canonical isomorphism 〈0,1,2,3〉 ∼=
〈0,1,2,0∗〉. So instead of W˜ , we may calculate the growth series of the Weyl group gen-
erated by 0,1,2,0∗, and which is also obtained by removing two generators 1∗,2∗ from
the generators 0,0∗,1,1∗,2,2∗ of the elliptic Weyl group of type A(1,1).2
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At first we state the main result.
Theorem 3.1. The growth series of the 2-extended affine Weyl group W˜ of type A(1,1)2 with
the above generator system is given by
∑
w∈W˜
t l(w) = 1
(1 − t)4(1 + t)2(1 + t2)(1 − t + t2)(1 + t + t2)
(
1 + 2t + 5t2 + 11t3
+ 27t4 + 26t5 + 48t6 + 20t7 + 35t8 + 11t9 + 9t10 − 13t12 + 4t13 − 2t14
+ 4t15 + 2t16).
Proof. From now on, we prove Theorem 3.1 by the same method as [5]. Let Waf be the
affine Weyl group of type A(1)2 generated by w0,w1 and w2, then we have W˜ = {Rk1Rl2w,
w ∈ Waf (k, l ∈ Z)}. For each element w ∈ Waf , we multiply Rm1 Rn2 (m,n ∈ Z) from the
left and examine their minimal length, then we use the following.
Fact. Let w be a minimal expression by w0,w1 and w2. Then even if we attach ∗ to any
element w0 of w, its length does not decrease.
To consider how many R±11 ,R
±1
2 and (R1R2)
±1 can be contained in w ∈ Waf by attach-
ing ∗ to any w0 of w, we express w so that w has w0 as many as possible in the minimal
expression. Further, to calculate we consider the partial sum of the growth series of W˜ by
dividing Waf into the several parts referring to [5], and note that R1 = 20∗02, R2 = 10∗01,
R1R2 = 0∗0, and we use the relation 0∗0 · 102 = 102 · 00∗, (00∗ · 102 = 102 · 0∗0) and the
relation (1 ↔ 2) in that.
(2.1) w = id.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
For m > 0,
Rm1 = 2(0∗0)m2 (2m + 2),
R−m1 = 2(00∗)m2 (2m + 2),
Rm2 = 1(0∗0)m1 (2m + 2),
R−m2 = 1(00∗)m1 (2m + 2),
(R1R2)m = (0∗0)m (2m),
(R1R2)−m = (00∗)m (2m),
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
for n > m > 0,
Rm1 R
n
2 = (R1R2)mRn−m2= (0∗0)m1(0∗0)n−m1 (2n + 2),
Rn1R
m
2 = (0∗0)m2(0∗0)n−m2 (2n + 2),
R−m1 R
−n
2 = (R1R2)−mR−n+m2= (00∗)m1(00∗)n−m1 (2n + 2),
R−n1 R
−m
2 = (00∗)m2(00∗)n−m2 (2n + 2),⎧⎨
⎩
for m > 0, n > 0,
R−m1 R
n
2 = 2(00∗)m2 · 1(0∗0)n1 (2m + 2n + 4),
Rm1 R
−n
2 = 2(0∗0)m2 · 1(00∗)n1 (2m + 2n + 4),
where (a) means that its length is a.
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⎧⎨
⎩
{Rm1 Rn2 id (m,n ∈ Z) | l(Rm1 Rn2 id) = 2} = 2,
{Rm1 Rn2 id (m,n ∈ Z) | l(Rm1 Rn2 id) = 4} = 6,
{Rm1 Rn2 id (m,n ∈ Z) | l(Rm1 Rn2 id) = 2k + 4 (k  1)} = 6k + 4.
So the growth series of the part Rm1 R
n
2 id (m,n ∈ Z) is given by 1 + 2t2 + 6t4 +∑∞
k=1(6k + 4)t2k+4.
(2.2) w = 1.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
For m > 0,
Rm1 1 = 2(0∗0)m21 (2m + 3),
R−m1 1 = 2(00∗)m21 (2m + 3),
Rm2 1 = 1(0∗0)m (2m + 1),
R−m2 1 = 1(00∗)m (2m + 1),
(R1R2)m1 = (0∗0)m1 (2m + 1),
(R1R2)−m1 = (00∗)m1 (2m + 1),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
for n > m > 0,
Rm1 R
n
2 1 = (R1R2)mRn−m2 1= (0∗0)m1(0∗0)n−m (2n + 1),
Rn1R
m
2 1 = (0∗0)m2(0∗0)n−m21 (2n + 3),
R−m1 R
−n
2 1 = (R1R2)−mR−n+m2 1= (00∗)m1(00∗)n−m (2n + 1),
R−n1 R
−m
2 1 = (00∗)m2(00∗)n−m21 (2n + 3),⎧⎨
⎩
for m > 0, n > 0,
R−m1 R
n
2 1 = 2(00∗)m2 · 1(0∗0)n (2m + 2n + 3),
Rm1 R
−n
2 1 = 2(0∗0)m2 · 1(00∗)n (2m + 2n + 3).
From the above, we see that
{
{Rm1 Rn2 1 (m,n ∈ Z) | l(Rm1 Rn2 1) = 3} = 4,
{Rm1 Rn2 1 (m,n ∈ Z) | l(Rm1 Rn2 1) = 2k + 3 (k  1)} = 6k + 2.
So the growth series of the part Rm1 R
n
2 1 (m,n ∈ Z) is given by t + 4t3 +
∑∞
k=1(6k +
2)t2k+3.
The case of w = 2 is the same as the case of w = 1.
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
For m > 0,
Rm1 0 = 2(0∗0)m20 (2m + 3),
R−m1 0 = 2(00∗)m20 (2m + 3),
Rm2 0 = 1(0∗0)m10 (2m + 3),
R−m2 0 = 1(00∗)m10 (2m + 3),
(R1R2)m0 = (0∗0)m−10∗ (2m − 1),
(R1R2)−m0 = (00∗)m0 (2m + 1),⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
for n > m > 0,
Rm1 R
n
2 0 = 1(0∗0)n−m1(0∗0)m−10∗ (2n + 1),
Rn1R
m
2 0 = 2(0∗0)n−m2(0∗0)m−10∗ (2n + 1),
R−m1 R
−n
2 0 = (00∗)m1(00∗)n−m10 (2n + 3),
R−n1 R
−m
2 0 = (00∗)m2(00∗)n−m20 (2n + 3),⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
for m > 0, n > 0,
R−m1 R
n
2 0 = 2(00∗)m2 · 1(0∗0)n10 = 2(00∗)m2 · 1(0∗0)n102 · 2= 2(00∗)m2 · 1 · 102(00∗)n2
= 2(00∗)m020∗(00∗)n−12 (2n + 2m + 3),
Rm1 R
−n
2 0 = 2(0∗0)m2 · 1(00∗)n10 = 2(0∗0)m21(00∗)n102 · 2
= 2(0∗0)m−10∗20(0∗0)n2 (2m + 2n + 3).
From the above, we see that
{
{Rm1 Rn2 0 (m,n ∈ Z) | l(Rm1 Rn2 0) = 1} = 2,
{Rm1 Rn2 0 (m,n ∈ Z) | l(Rm1 Rn2 0) = 2k + 3 (k  0)} = 6k + 2.
So the growth series of the part Rm1 R
n
2 0 (m,n ∈ Z) is given by 2t +
∑∞
k=0(6k +
2)t2k+3.
(2.4) w = 01.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
For m > 0,
Rm1 01 = 2(0∗0)m201 = 01(00∗)m (2m + 2),
R−m1 01 = 01(0∗0)m (2m + 2),
Rm2 01 = 1(0∗0)m−10∗10 (2m + 2),
R−m2 01 = 1(00∗)m101 (2m + 4),
(R1R2)m01 = (0∗0)m−10∗1 (2m),
−m ∗ m(R1R2) 01 = (00 ) 01 (2m + 2),
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⎪⎪⎪⎪⎪⎩
for n > m > 0,
Rm1 R
n
2 01 = (0∗0)m1(0∗0)n−m−10∗10 (2n + 2),
Rn1R
m
2 01 = (0∗0)m2(0∗0)n−m201 = (0∗0)m−10∗1(00∗)n−m (2n),
R−m1 R
−n
2 01 = (00∗)m1(00∗)n−m101 (2n + 4),
R−n1 R
−m
2 01 = (00∗)m2(00∗)n−m201 = (00∗)m01(0∗0)n−m (2n + 2),⎧⎨
⎩
for m > 0, n > 0,
R−m1 R
n
2 01 = 1(0∗0)n1 · 2(00∗)m201 = 1(0∗0)n−10∗10(0∗0)m (2n + 2m + 2),
Rm1 R
−n
2 01 = 1(0∗0)n1 · 2(0∗0)m201 = 1(00∗)n010∗(00∗)m−1 (2m + 2n + 2).
From the above, we see that
{
{Rm1 Rn2 01 (m,n ∈ Z) | l(Rm1 Rn2 01) = 2} = 2,
{Rm1 Rn2 01 (m,n ∈ Z) | l(Rm1 Rn2 01) = 2k + 4 (k  0)} = 6k + 6.
So the growth series of the part Rm1 R
n
2 01 (m,n ∈ Z) is given by 2t2 +
∑∞
k=0(6k +
6)t2k+4.
The cases of w = 02, 10 and 20 are the same as the case of w = 01.
(2.5) w = 102.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
For m > 0,
Rm1 102 = 2(0∗0)m2102 (2m + 5),
R−m1 102 = 2(0∗0)m2102 = 2(00∗)m201012 = 2201(0∗0)m012
= 01(0∗0)m−10∗12 (2m + 3),
Rm2 102 = 1(0∗0)m−10∗2 (2m + 1),
R−m2 102 = 1(00∗)m02 (2m + 3),
(R1R2)m102 = (0∗0)m102 (2m + 3),
(R1R2)−m102 = (00∗)m102 (2m + 3),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
for n > m > 0,
Rm1 R
n
2 102 = (0∗0)m1(0∗0)n−m−10∗2 (2n + 1),
Rn1R
m
2 102 = (0∗0)m2(0∗0)n−m2102 = (0∗0)m2(0∗0)n−m201012= (0∗0)m2 · 201(00∗)n−m012
= (0∗0)m−10∗1(00∗)n−m012 (2n + 3),
R−m1 R
−n
2 102 = (00∗)m1(00∗)n−m02 (2n + 3),
R−n1 R
−m
2 102 = (00∗)m2(00∗)n−m2102 = (00∗)m2(00∗)n−m201012= (00∗)m2201(0∗0)n−m012
= (00∗)m01(0∗0)n−m−10∗12 (2n + 3),⎧⎨
⎩
for m > 0, n > 0,
R−m1 R
n
2 102 = 2(00∗)m21(0∗0)n−10∗2 (2n + 2m + 3),
RmR−n102 = 2(0∗0)m21(00∗)n02 (2m + 2n + 5).1 2
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{Rm1 Rn2 102 (m,n ∈ Z) | l(Rm1 Rn2 102) = 3} = 2,
{Rm1 Rn2 102 (m,n ∈ Z) | l(Rm1 Rn2 102) = 2k + 5 (k  0)} = 6k + 6.
So the growth series of the part Rm1 R
n
2 102 (m,n ∈ Z) is given by 2t3 +
∑∞
k=0(6k +
6)t2k+5.
The case of w = 201 is the same as the case of w = 102.
Except for the above 10 cases, the length of Rm1 R
n
2w for w ∈ Waf increases to the all
directions R1,R−11 ,R2,R
−1
2 ,R1R2 and (R1R2)
−1 by two length, and similarly to [5] we
use the following figures.
Case 1. In the figure, the number of the vertices of the lattices is ab + bc + ca + a + b +
c + 1.










a + 1
b + 1
c + 1
c + 1
a + 1
b + 1
The number of the vertices of the boundary of the outside is 2(a + 1 + b+ 1 + c+ 1) =
2(a + b + c) + 6.






















a + 2
b + 2
c + 2
c + 2
b + 2
a + 2
Case 2. The number of the vertices of the outside is 2a + 4. (When a = 1,2, it is the same
as Case 1.)
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















2
2
a + 1
In the sequel, to express w by using w0 as many as possible in the minimal length, we
use the fallowing relations, 012 · 0121 = 0102 · 012, 0121 · 012 = 012 · 0102, 0121 · 01 =
01 · 2010, 1210 · 1 = 1 · 2010, 210 · 1210 = 2010 · 210, and (1 ↔ 2) in those. Similarly to
[5], we divide Waf into Tables (I)–(VIII) and (I)–(IV) (1 ↔ 2).
In Table (I), to calculate the numbers R±11 , R±12 and (R1R2)±1 in
(012)2i−2012(0121)n−i012, we use the following: 0∗12 = R1R2012, 0120∗12 = R2(012)2,
010∗2 = R−11 0102, and 012R1R2 = R2012, 012R−11 = R1012, further noting that 0102 =
T2, we see that R1 = n − i, R2 = n and (R1R2) = i. The other cases are similar.
Table (I)
T n1 T
n+i
2 = (012)2i (0121)n−i (1 i < n, n 2)
(012)2i (0121)n−iw R±11 R
±1
2 (R1R2)
±1 Its length
(012)2i (0121)n−i = (012)2i−2012(0102)n−i012 n − i n i 4n + 2i
(012)2i (0121)n−i−1012 = (012)2i+1(0102)n−i−1 n − i − 1 n − 1 i + 1 4n + 2i − 1
(012)2i (0121)n−i−1021 = (012)2i−1010201(0201)n−i−1 n − i n i 4n + 2i − 1
(012)2i (0121)n−i−101 = (012)2i01(2010)n−i−1 n − i − 1 n − 1 i + 1 4n + 2i − 2
(012)2i (0121)n−i−102 = (012)2i−101020(1020)n−i−1 n − i n i 4n + 2i − 2
(012)2i (0121)n−i−10 = (012)2i+1(0102)n−i−10120 n − i − 1 n − 1 i + 1 4n + 2i − 3
Table (II)
T −n1 T
−n−i
2 = (210)2i (1210)n−i (1 i  n, n 1)
(210)2i (1210)n−i = (210)2i−1(2010)n−i210 n − i n i 4n + 2i
(210)2i (1210)n−i1 = (210)2i−1(2010)n−i+1 n − i + 1 n + 1 i − 1 4n + 2i + 1
(210)2i (1210)n−i2 = (210)2i−1(2010)n−i2102 n − i n i 4n + 2i + 1
(210)2i (1210)n−i12 = (210)2i−1(2010)n−i+12 n − i + 1 n+1 i-1 4n+2i+2
e (210)2i (1210)n−i21 = (210)2i−1(2010)n−i21021 n − i n i 4n + 2i + 2
(210)2i (1210)n−i121 = (210)2i−1(2010)n−i+121 n − i + 1 n + 1 i − 1 4n + 2i + 3
Table (III)
T n1 T
2n+i
2 = (0102)i (012)2n (i  0, n 1)
(0102)i (012)2n i n i + n 6n + 4i
(0102)i (012)2n1 = (0102)i+1(012)2n−1 i + 1 n − 1 i + n + 1 6n + 4i + 1
(0102)i (012)2n−201201 i n n + i 6n + 4i − 1
(0102)i (012)2n−2012021 = (0102)i+1(012)2n−201 i + 1 n − 1 i + n + 1 6n + 4i
(0102)i (012)2n−20120 i n i + n 6n + 4i − 2
(0102)i (012)2n−201202 = (0102)i+1(012)2n−20 i + 1 n − 1 i + n + 1 6n + 4i − 1
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T −n1 T
−2n−i
2 = (210)2n(2010)i (i  1, n 0)
(210)2n(2010)i i n n + i 6n + 4i
(210)2n(2010)i−1210 i − 1 n + 1 n + i − 1 6n + 4i − 1
(210)2n(2010)i2 i n n + i 6n + 4i + 1
(210)2n(2010)i−12102 i − 1 n + 1 n + i − 1 6n + 4i
(210)2n(2010)i21 i n n + i 6n + 4i + 2
(210)2n(2010)i−121021 i − 1 n + 1 n + i − 1 6n + 4i + 1
Table (V)
T −n−i1 T n2 = (1020)i (102)2n (i  0, n 1)
(1020)i (102)2n n i + n i 6n + 4i
(1020)i (102)2n1 n i + n i 6n + 4i + 1
(1020)i (102)2n−210210 n i + n i 6n + 4i − 1
(1020)i (102)2n12 = (1020)i+1(102)2n−21021 n − 1 i + 1 + n i + 1 6n + 4i + 2
(1020)i (102)2n−2102101 = (1020)i+1(102)2n−210 n − 1 i + 1 + n i + 1 6n + 4i
(1020)i (102)2n−21021012 = (1020)i+1(102)2n−1 n − 1 i + 1 + n i + 1 6n + 4i + 1
Table (VI)
T n+i1 T
−n
2 = (201)2n(0201)i (i  1, n 0)
(201)2n(0201)i n n + i i 6n + 4i
(201)2n(0201)i−1020 n n + i i 6n + 4i − 1
(201)2n(0201)i2 n n + i i 6n + 4i + 1
(201)2n(0201)i−120 n + 1 n + i − 1 i − 1 6n + 4i − 2
(201)2n(0201)i−12012 n + 1 n + i − 1 i − 1 6n + 4i
(201)2n(0201)i−1201 n + 1 n + i − 1 i − 1 6n + 4i − 1
Table (VII)
T n1 T
n
2 = (0121)n (n 1)
(0121)n = 01(2010)n−121 n − 1 n − 1 1 4n
(0121)n−1012 = 012(0102)n−1 n − 1 n − 1 1 4n − 1
(0121)n−1021 = 021(0201)n−1 n − 1 n − 1 1 4n − 1
(0121)n−101 = 01(2010)n−1 n − 1 n − 1 1 4n − 2
(0121)n−102 = 02(1020)n−1 n − 1 n − 1 1 4n − 2
(0121)n−10 = 01(2010)n−2210 n − 2 n − 2 2 4n − 3
Table (VIII)
T −n1 T
−n
2 = (1210)n (n 0)
(1210)n = 1(2010)n−1210 n − 1 n − 1 1 4n
(1210)n1 = 1(2010)n n n 0 4n + 1
(1210)n2 = 2(1020)n n n 0 4n + 1
(1210)n12 = 1(2010)n2 n n 0 4n + 2
(1210)n21 = 2(1020)n1 n n 0 4n + 2
(1210)n121 = 1(2010)n21 n n 0 4n + 3
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w[a, b, c, d] := (ab + bc + ca + a + b + c + 1)td +
∞∑
k=1
{
2(a + b + c) + 6k}td+2k,
and to Case 2,
v[a, b, c, d] := (a + b + c + 1)td + w[a + 1, b + 1, c + 1, d + 2] − (a + b + c)td+2,
where in Case 2, we assume that two of a, b, c are 0. In both cases, a, b, c and d correspond
to R±11 , R
±1
2 , (R1R2)
±1 and its length, respectively. Now we calculate the growth series
by using Tables (I)–(VIII):
W(I) =
∞∑
n=2
n−1∑
i=1
{
w[n − i, n, i,4n + 2i] + w[n − i − 1, n − 1, i + 1,4n + 2i − 1]
+ w[n − i, n, i,4n + 2i − 1] + w[n − i − 1, n − 1, i + 1,4n + 2i − 2]
+ w[n − i, n, i,4n + 2i − 2] + w[n − i − 1, n − 1, i + 1,4n + 2i − 3]}
= 1
(1 − t)4(1 + t)3(1 + t2)3(1 − t + t2)3(1 + t + t2)2
(
t7
(
6 + 4t + 20t2 + 14t3
+ 42t4 + 24t5 + 62t6 + 26t7 + 68t8 + 18t9 + 51t10 + 8t11 + 26t12 + 2t13
+ 8t14 + t16)),
W(II) =
∞∑
n=1
n∑
i=1
{
w[n − i, n, i,4n + 2i] + w[n − i + 1, n + 1, i − 1,4n + 2i + 1]
+ w[n − i, n, i,4n + 2i + 1] + w[n − i + 1, n + 1, i − 1,4n + 2i + 2]
+ w[n − i, n, i,4n + 2i + 2] + w[n − i + 1, n + 1, i − 1,4n + 2i + 3]}
= 1
(1 − t)4(1 + t)3(1 + t2)3(1 − t + t2)3(1 + t + t2)2
(
t6
(
4 + 2t + 16t2 + 8t3
+ 38t4 + 16t5 + 61t6 + 22t7 + 70t8 + 22t9 + 54t10 + 16t11 + 29t12 + 8t13
+ 10t14 + 2t15 + 2t16)),
W(III) =
∞∑
n=1
∞∑
i=0
{
w[i, n, i + n,6n + 4i] + w[i + 1, n − 1, i + n + 1,6n + 4i + 1]
+ w[i, n, i + n,6n + 4i − 1] + w[i + 1, n − 1, i + n + 1,6n + 4i]
+ w[i, n, i + n,6n + 4i − 2] + w[i + 1, n − 1, i + n + 1,6n + 4i − 1]}
= 14 3 2 3 2 3 2 2
(
t4
(
4 + 2t + 16t2 + 8t3(1 − t) (1 + t) (1 + t ) (1 − t + t ) (1 + t + t )
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+ 10t14 + 2t15 + 2t16)),
W(IV) =
∞∑
n=0
∞∑
i=1
{
w[i, n,n + i,6n + 4i] + w[i − 1, n + 1, n + i − 1,6n + 4i − 1]
+ w[i, n,n + i,6n + 4i + 1] + w[i − 1, n + 1, n + i − 1,6n + 4i]
+ w[i, n,n + i,6n + 4i + 2] + w[i − 1, n + 1, n + i − 1,6n + 4i + 1]}
= 1
(1 − t)4(1 + t)3(1 + t2)3(1 − t + t2)3(1 + t + t2)2
(
t3
(
2 + 2t + 10t2 + 8t3
+ 29t4 + 16t5 + 54t6 + 22t7 + 70t8 + 22t9 + 61t10 + 16t11 + 38t12 + 8t13
+ 16t14 + 2t15 + 4t16)),
W(V) =
∞∑
n=1
∞∑
i=0
{
w[n, i + n, i,6n + 4i] + w[n, i + n, i,6n + 4i + 1]
+ w[n, i + n, i,6n + 4i − 1] + w[n − 1, i + n + 1, i + 1,6n + 4i + 2]
+ w[n − 1, i + n + 1, i + 1,6n + 4i]
+ w[n − 1, i + n + 1, i + 1,6n + 4i + 1]}
= 1
(1 − t)4(1 + t)3(1 + t2)3(1 − t + t2)3(1 + t + t2)2
(
t5
(
4 + 2t + 16t2 + 8t3
+ 38t4 + 16t5 + 61t6 + 22t7 + 70t8 + 22t9 + 54t10 + 16t11 + 29t12 + 8t13
+ 10t14 + 2t15 + 2t16)).
Noting the cases of w = 20 and 201, which are calculated in (2.4) and (2.5), respectively,
W(VI) =
∞∑
n=0
∞∑
i=1
{
w[n,n + i, i,6n + 4i] + w[n,n + i, i,6n + 4i − 1]
+ w[n,n + i, i,6n + 4i + 1] + w[n + 1, n + i − 1, i − 1,6n + 4i − 2]
+ w[n + 1, n + i − 1, i − 1,6n + 4i]
+ w[n + 1, n + i − 1, i − 1,6n + 4i − 1]}
− w[1,0,0,2] − w[1,0,0,3] + 2t2 +
∞∑
k=0
(6k + 6)t2k+4
+ 2t3 +
∞∑
k=0
(6k + 6)t2k+5
= 14 3 2 3 2 3 2 2
(
t2
(
2 + 2t + 8t2 + 10t3(1 − t) (1 + t) (1 + t ) (1 − t + t ) (1 + t + t )
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+ 6t14 + 12t15 − 14t16 + 8t17 − 8t18 + 4t20 − 4t21
+ 6t22 − 2t23 + 2t24)).
Noting the cases of w = 0,01 and 02, which are calculated in (2.3) and (2.4),
W(VII) =
∞∑
n=1
{
w[n − 1, n − 1,1,4n] + 2w[n − 1, n − 1,1,4n − 1]
+ 2w[n − 1, n − 1,1,4n − 2]}− 2w[0,0,1,2] + 2
(
2t2 +
∞∑
k=0
(6k + 6)t2k+4
)
+
∞∑
n=3
w[n − 2, n − 2,2,4n − 3] + v[0,0,2,5] + 2t +
∞∑
k=0
(6k + 2)t2k+3
= 1
(1 − t)3(1 + t)2(1 + t2)3
(
t
(
2 + 2t + 4t2 + 10t3 + 11t4 + 23t5 + 25t6
+ 14t7 + 21t8 − 3t9 + t10 − 4t11 − 4t12)).
Noting the cases of w = id,1 and 2, which are calculated in (2.1) and (2.2),
W(VIII) =
∞∑
n=1
{
w[n − 1, n − 1,1,4n] + 2w[n,n,0,4n + 1]}
+ 1 + 2t2 + 6t4 +
∞∑
k=1
(6k + 4)t2k+4 + 2
(
t + 4t3 +
∞∑
k=1
(6k + 2)t2k+3
)
+
∞∑
n=0
{
2w[n,n,0,4n + 2] + w[n,n,0,4n + 3]}
= 1
(1 − t)3(1 + t)2(1 + t2)3
(
1 + t + 3t2 + 6t3 + 11t4 + 13t5 + 25t6 + 12t7
+ 24t8 + 10t9 + 4t10 + 4t11 − 6t12 − 2t13 − 2t14 − 2t15).
From the above and
∑
w∈W˜
t l(w) = 2{W(I) + W(II) + W(III) + W(IV) + W(V) + W(VI)}
+ W(VII) + W(VIII),
we obtain Theorem 3.1. 
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